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Àííîòàöèÿ

�àññìàòðèâàåòñÿ êëàññ ñèñòåì íåëèíåéíûõ îáûêíîâåííûõ äè��åðåí-

öèàëüíûõ óðàâíåíèé áîëüøîé ðàçìåðíîñòè. Èññëåäîâàíû àñèìïòîòè÷å-

ñêèå ñâîéñòâà ðåøåíèé ýòèõ ñèñòåì â çàâèñèìîñòè ðîñòà ðàçìåðíîñòè

ñèñòåìû. Äîêàçàíî, ÷òî ïðè äîñòàòî÷íî áîëüøîì ÷èñëå äè��åðåíöè-

àëüíûõ óðàâíåíèé ïîñëåäíÿÿ êîìïîíåíòà ðåøåíèÿ çàäà÷è Êîøè ÿâëÿ-

åòñÿ ïðèáëèæåííûì ðåøåíèåì íà÷àëüíîé çàäà÷è äëÿ îäíîãî äè��åðåí-

öèàëüíîãî óðàâíåíèÿ ñ çàïàçäûâàíèåì.

Êëþ÷åâûå ñëîâà è �ðàçû

ñèñòåìà îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé áîëüøîé ðàçìåð-

íîñòè, àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé, äè��åðåíöèàëüíîå óðàâíå-

íèå ñ çàïàçäûâàíèåì, ïðåäåëüíàÿ òåîðåìà
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Abstra
t

A 
lass of systems of high dimensional nonlinear ordinary di�erential

equations is 
onsidered. Asymptoti
 properties of solutions to these systems

are investigated as the dimension in
reases. We prove that, for a su�
iently

large number of equations, the last 
omponent of the solution to the Cau
hy

problem is an approximate solution to the initial-value problem for a delay

di�erential equation.
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� 1. Ââåäåíèå è ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé áîëüøîé ðàçìåðíîñòè ÷àñòî

èñïîëüçóþò ïðè ìîäåëèðîâàíèè ðàçëè÷íûõ ïðîöåññîâ â áèîëîãèè è õèìèè

(ñì., íàïðèìåð, [1�4℄ è óêàçàííóþ â ýòèõ ðàáîòàõ ëèòåðàòóðó). Â ÷àñò-

íîñòè, çàäà÷à î ìîäåëèðîâàíèè ìíîãîñòàäèéíîãî ñèíòåçà âåùåñòâà (ñì.,

íàïðèìåð, [3, 4℄) ïðèâîäèò ê ñèñòåìå ñëåäóþùåãî âèäà

dx

dt
= Anx+ F (t, x), (1)

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 3, C. 47-70

Mat. Trudy, 2026, V. 29, N. 3, P. 47-70



Äåíèñþê Â.À. 49

ãäå

x(t) = (x1(t), x2(t), . . . , xn(t))
T, F (t, x) = (g(t, xn), 0, . . . , 0)

T,

An =


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


. (2)

Êîëè÷åñòâî óðàâíåíèé n â ñèñòåìå (1) îïðåäåëÿåòñÿ ÷èñëîì ñòàäèé, xj(t) �
êîíöåíòðàöèÿ âåùåñòâà íà j-é ñòàäèè, ïàðàìåòð τ õàðàêòåðèçóåò âðåìÿ

ïðîòåêàíèÿ ïðîöåññà. Íåëèíåéíàÿ �óíêöèÿ g(t, z) îïðåäåëÿåò çàêîí èíè-

öèàöèè. Ïîñêîëüêó ñèñòåìà ÿâëÿåòñÿ íåëèíåéíîé è êîëè÷åñòâî ñòàäèé n

ìîæåò áûòü î÷åíü áîëüøèì, íàõîæäåíèå ðåøåíèÿ ñèñòåìû äàæå ñ ïîìî-

ùüþ ñîâðåìåííûõ êîìïüþòåðîâ ÿâëÿåòñÿ î÷åíü òðóäîåìêîé çàäà÷åé. Ïî-

ýòîìó íà ýòàïå íàõîæäåíèÿ ÷èñëåííûõ çíà÷åíèé êîíöåíòðàöèè êîíå÷íîãî

ïðîäóêòà xn(t) èññëåäîâàòåëè ñòàëêèâàþòñÿ ñ �ïðîáëåìîé áîëüøîé ðàç-

ìåðíîñòè�.

Ýòà ïðîáëåìà áûëà óñïåøíî ðåøåíà �.Â. Äåìèäåíêî, îí óñòàíîâèë ñâÿ-

çè ìåæäó ðåøåíèÿìè ýòîé ñèñòåìû è ðåøåíèÿìè óðàâíåíèÿ ñ çàïàçäûâà-

íèåì. Íèæå ìû ñ�îðìóëèðóåì ðåçóëüòàò, ïîëó÷åííûé �.Â. Äåìèäåíêî äëÿ

ñèñòåìû (1) (ñì., íàïðèìåð, [3, 5℄). Ïðè êàæäîì �èêñèðîâàííîì n ðàññìîò-

ðèì çàäà÷ó Êîøè äëÿ ñèñòåìû (1)





dx

dt
= Anx+ F (t, x), t > 0,

x|t=0 = (0, . . . , 0, b)T , b ∈ R.

Áóäåì ïðåäïîëàãàòü, ÷òî �óíêöèÿ g(t, z) íåïðåðûâíà, îãðàíè÷åíà è ëèï-

øèöåâà ïî z

|g(t, z)| ≤ G, |g(t, z1)− g(t, z2)| ≤ L|z1 − z2|, z1, z2 ∈ R, t ≥ 0. (3)

Êàæäàÿ çàäà÷à Êîøè èìååò åäèíñòâåííîå ðåøåíèå ïðè t ≥ 0, êîòîðîå îáî-
çíà÷èì ÷åðåç xn(t). Ñîñòàâèì ïîñëåäîâàòåëüíîñòü {xnn(t)} èç ïîñëåäíèõ

êîìïîíåíò ðåøåíèé xn(t). Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.
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Òåîðåìà 1. (�. Â. Äåìèäåíêî). Ïîñëåäîâàòåëüíîñòü {xnn(t)} ðàâíî-

ìåðíî ñõîäèòñÿ íà ëþáîì îòðåçêå [0, T ]:

xnn(t) → y(t), n→ ∞.

Ïðåäåëüíàÿ �óíêöèÿ y(t) ÿâëÿåòñÿ ðåøåíèåì íà÷àëüíîé çàäà÷è äëÿ óðàâ-

íåíèÿ ñ çàïàçäûâàíèåì





dy(t)

dt
= −θy(t) + g(t− τ, y(t− τ)), t > τ,

y(t) ≡ be−θt, 0 ≤ t ≤ τ,

y(τ + 0) = be−θτ ,

(4)

ïðè ýòîì âûïîëíåíà îöåíêà

max
t∈[0,T ]

|xnn(t)− y(t)| ≤ c n−
1

2 , n≫ 1, (5)

ãäå c > 0 íå çàâèñèò îò n.

Îòìåòèì, ÷òî ïîëó÷åííûé ðåçóëüòàò äàåò ñòðîãîå îáîñíîâàíèå ý��åê-

òèâíîãî ìåòîäà äëÿ ÷èñëåííîãî íàõîæäåíèÿ êîíöåíòðàöèè êîíå÷íîãî ïðî-

äóêòà xn(t) ïðè n≫ 1 ñ èñïîëüçîâàíèåì óðàâíåíèÿ ñ çàïàçäûâàíèåì. Äåé-

ñòâèòåëüíî, äëÿ íàõîæäåíèÿ çíà÷åíèé xn(t) äîñòàòî÷íî ðåøèòü íà÷àëüíóþ
çàäà÷ó (4). Áîëåå òîãî, ñ èñïîëüçîâàíèåì (5) ìîæíî îöåíèòü ïîãðåøíîñòü

àïïðîêñèìàöèè xn(t) ≈ y(t) ïðè n ≫ 1. Èç (5), î÷åâèäíî, ñëåäóåò, ÷òî

÷åì áîëüøåå êîëè÷åñòâî ñòàäèé n òðåáóåòñÿ äëÿ ïîëó÷åíèÿ êîíå÷íîãî ïðî-

äóêòà ñèíòåçà, òåì òî÷íåå ìîæíî ïîëó÷èòü ðåçóëüòàò, ñëåäóÿ óêàçàííîìó

ìåòîäó.

Òåîðåìà 1 ïîñëóæèëà îñíîâîé äëÿ ïîëó÷åíèÿ àíàëîãè÷íûõ óòâåðæäå-

íèé äëÿ ðàçëè÷íûõ êëàññîâ ñèñòåì îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâ-

íåíèé áîëüøîé ðàçìåðíîñòè. �.Â. Äåìèäåíêî ïðåäëîæèë ðÿä ìåòîäîâ äëÿ

äîêàçàòåëüñòâà ïðåäåëüíûõ òåîðåì, êîòîðûå áûëè ðàçâèòû â åãî ðàáîòàõ

è ðàáîòàõ åãî ó÷åíèêîâ (ñì., íàïðèìåð, [5�15℄).

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùèé êëàññ ñèñòåì íåëèíåéíûõ
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îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé





dz1

dt
= g(t, zn)−

n− 1

τ1
z1 +

n− 1

τ2
z2, t > 0, τ2 > τ1 > 0,

dzj

dt
=
n− 1

τ1
zj−1 −

(
n− 1

τ1
+
n− 1

τ2

)
zj +

n− 1

τ2
zj+1, j = 2, . . . , n− 2,

dzn−1

dt
=
n− 1

τ1
zn−2 −

(
n− 1

τ1
+
n− 1

τ2

)
zn−1,

dzn

dt
= −θzn +

n− 1

τ1
zn−1, θ > 0,

(6)
ãäå �óíêöèÿ g(t, z) íåïðåðûâíà, îãðàíè÷åíà è ëèïøèöåâà ïî z. Îòëè÷è-

òåëüíîé îñîáåííîñòüþ èçó÷àåìîé ñèñòåìû ÿâëÿåòñÿ òîò �àêò, ÷òî îíà âîç-

íèêàåò ïðè îïèñàíèè ïðîöåññà ïðè íàëè÷èè îáðàòèìîñòè ïðîöåññà (τ2 > 0).
Çàìåòèì, ÷òî ïðè τ2 → ∞ ñèñòåìà (6) ïåðåõîäèò â (1) è åñòåñòâåííî âîç-

íèêàåò âîïðîñ î ïðåäåëüíîé òåîðåìå, ÿâëÿþùåéñÿ àíàëîãîì òåîðåìû 1. Â

ñëåäóþùåì ïàðàãðà�å ìû ñ�îðìóëèðóåì è äîêàæåì îñíîâíîé ðåçóëüòàò

ðàáîòû.

� 2. Îñíîâíîé ðåçóëüòàò.

�àññìîòðèì çàäà÷ó Êîøè äëÿ ñèñòåìû (6)





dz

dt
= Bnz + F (t, z), t > 0,

z|t=0 = z0,

(7)

ãäå

z(t) = (z1(t), z2(t), . . . , zn(t))
T, F (t, z) = (g(t, zn), 0, . . . , 0)

T,
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Bn =



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n−1
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0 . . . 0 0
n−1
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−
(
n−1
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+
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0 · · · 0 0 0
n−1
τ1

−θ




,

z0 = (0, . . . , 0, b)T .

Ïðè êàæäîì �èêñèðîâàííîì n çàäà÷à Êîøè (7) èìååò åäèíñòâåííîå ðå-

øåíèå znn(t), îïðåäåëåííîå ïðè t ≥ 0. Áóäåì íåîãðàíè÷åííî óâåëè÷èâàòü n

è ñîñòàâèì ïîñëåäîâàòåëüíîñòü {znn(t)} èç ïîñëåäíèõ êîìïîíåíò ðåøåíèé

znn(t). Èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 2. Ïîñëåäîâàòåëüíîñòü {znn(t)} ðàâíîìåðíî ñõîäèòñÿ íà ëþ-

áîì îòðåçêå [0, T ]:
znn(t) → y(t), n→ ∞.

Ïðåäåëüíàÿ �óíêöèÿ y(t) ÿâëÿåòñÿ ðåøåíèåì íà÷àëüíîé çàäà÷è äëÿ óðàâ-

íåíèÿ ñ çàïàçäûâàíèåì





dy(t)

dt
= −θy(t) + g(t− τ, y(t− τ)), t > τ,

y(t) ≡ be−θt, 0 ≤ t ≤ τ, τ = τ1τ2
τ2−τ1

,

y(τ + 0) = be−θτ ,

(8)

ïðè ýòîì âûïîëíåíà îöåíêà

max
t∈[0,T ]

|znn(t)− y(t)| ≤ Dn−
1

2 , n≫ 1,

ãäå D > 0 íå çàâèñèò îò n.
Äîêàçàòåëüñòâî. Ïðè äîêàçàòåëüñòâå ìû áóäåì èñïîëüçîâàòü ìåòîä ñðàâ-

íåíèÿ. �àññìîòðèì çàäà÷ó äëÿ ñèñòåìû âèäà (1)





dx

dt
= Anx+ F (t, x), t > 0.

x|t=0 = z0,

(9)
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ïîëàãàÿ â ìàòðèöå An ïàðàìåòð τ çàâèñèìûì îò τ1, τ2 ñëåäóþùèì îáðàçîì:

τ = τ1τ2
τ2−τ1

.

Ñðàâíèâàÿ ðåøåíèÿ xnn(t) è z
n
n(t) çàäà÷ Êîøè (6) è (9), ñîîòâåòñòâåííî, ìû

äîêàæåì, ÷òî äëÿ ëþáîãî T > 0

max
t∈[0,T ]

|znn(t)− xnn(t)| ≤ dn−
1

2 , n≫ 1, (10)

ãäå d > 0 íå çàâèñèò îò n. Ñ ó÷åòîì îöåíêè (5) îòñþäà ìû ïîëó÷èì òðåáó-

åìûé ðåçóëüòàò.

Äîêàçàòåëüñòâî íåðàâåíñòâà (10) ìû ðàçîáüåì íà íåñêîëüêî ëåìì. Îáî-

çíà÷èì un(t) = zn(t)− xn(t). Î÷åâèäíî, ÷òî ýòà âåêòîð-�óíêöèÿ ÿâëÿåòñÿ

ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè





du

dt
= Anu+ (Bn −An)z + F (t, z)− F (t, x),

u|t=0 = 0,

(11)

ãäå

(Bn −An) = Cn =




−n−1
τ2

n−1
τ2

0 0 0 . . . 0

n−1
τ2

−2n−1
τ2

n−1
τ2

0 0 . . . 0

0
.

.

.

.

.

.

.

.

.

.

.

.

.

.

. 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 . . . 0 n−1
τ2

−2n−1
τ2

n−1
τ2

0

0 . . . 0 0 n−1
τ2

−2n−1
τ2

0

0 · · · 0 0 0 n−1
τ2

0




,

Cnz =
n− 1

τ2




−z1 + z2
z1 − 2z2 + z3

.

.

.

zn−2 − 2zn−1

zn−1



.

Êîìïîíåíòû âåêòîð-�óíêöèè un(t) áóäåì îáîçíà÷àòü unk(t), k = 1, . . . , n.
Ñïðàâåäëèâ ñëåäóþùèé ðåçóëüòàò.
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Ëåììà 1. Äëÿ êîìïîíåíò âåêòîð-�óíêöèè un(t) ñïðàâåäëèâû ñîîòíî-

øåíèÿ

unk(t) =

t∫

0

(t− s)k−1

(k − 1)!

(
n− 1

τ

)k−1

e−
n−1

τ
(t−s)[g(s, znn(s))− g(s, xnn(s))] ds

+

k∑

j=1

t∫

0

(t− s)k−j

(k − j)!

(
n− 1

τ

)k−j

e−
n−1

τ
(t−s)hj(s) ds, k = 1, . . . , n− 1, (12)

ãäå hj(t) � j-ÿ êîìïîíåíòà âåêòîð-�óíêöèè Cnz
n(t).

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâåäåì ìåòîäîì ìàòåìàòè÷åñêîé

èíäóêöèè. Ïóñòü k = 1. Ïîñêîëüêó un(t) � ðåøåíèå çàäà÷è Êîøè (11),

äëÿ un1(t) âûïîëíåíî òîæäåñòâî

dun1 (t)

dt
≡ −n− 1

τ
un1(t) + h1(t) + g(t, znn(t))− g(t, xnn(t)).

Èñïîëüçóÿ íà÷àëüíûå äàííûå äëÿ un1 (t), ïîëó÷àåì

un1 (t) ≡
t∫

0

e−
n−1

τ
(t−s) ([g(s, znn(s))− g(s, xnn(s))] + h1(s)) ds,

÷òî ñîâïàäàåò ñ (12) äëÿ ñëó÷àÿ k = 1. Ïðåäïîëîæèì, ÷òî ïðåäñòàâëåíèå
(12) ñïðàâåäëèâî äëÿ âñåõ k < l. Ïîêàæåì, ÷òî äëÿ unl (t) ïðåäñòàâëåíèå
(12) âåðíî. Â ñèëó ñèñòåìû âûïîëíåíî òîæäåñòâî

dunl (t)

dt
≡ −n− 1

τ
unl (t) +

n− 1

τ
unl−1(t) + hl(t).

Èñïîëüçóÿ íà÷àëüíûå äàííûå äëÿ unl (t), èìååì

unl (t) ≡
t∫

0

e−
n−1

τ
(t−s)

(
n− 1

τ
unl−1(s) + hl(s)

)
ds.

Ïîäñòàâëÿÿ ñîîòíîøåíèå äëÿ unl−1(t), ïîëó÷àåì

unl (t) ≡
t∫

0

e−
n−1

τ
(t−s)


n− 1

τ




s∫

0

(s− ξ)l−2

(l − 2)!

(
n− 1

τ

)l−2

×e−n−1

τ
(s−ξ)[g(ξ, znn(ξ))− g(ξ, xnn(ξ))] dξ
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Äåíèñþê Â.À. 55

+
l−1∑

j=1

s∫

0

(s− ξ)l−j−1

(l − j − 1)!

(
n− 1

τ

)l−j−1

e−
n−1

τ
(s−ξ)hj(ξ) dξ


+ hl(s)


 ds.

Ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ, èìååì

unl (t) ≡
t∫

0

(
n− 1

τ

)l−1

e−
n−1

τ
(t−ξ)[g(ξ, znn(ξ))− g(ξ, xnn(ξ))]

t∫

ξ

(s− ξ)l−2

(l − 2)!
ds dξ

+
l−1∑

j=1

t∫

0

(
n− 1

τ

)l−j

e−
n−1

τ
(t−ξ)hj(ξ)

t∫

ξ

(s− ξ)l−j−1

(l − j − 1)!
ds dξ+

t∫

0

e−
n−1

τ
(t−s)hl(s) ds.

Ïîñêîëüêó

t∫

ξ

(s− ξ)i

i!
ds =

(t− ξ)i+1

(i+ 1)!
, i = 1, . . . , n,

ïîëó÷àåì �îðìóëó (12) äëÿ unl (t). Â ñèëó ïðèíöèïà èíäóêöèè ëåììà äî-

êàçàíà.

Ëåììà 2. Äëÿ unn(t), ïðè n > θτ + 1 ñïðàâåäëèâî ïðåäñòàâëåíèå

unn(t) =

t∫

0

ψ̂n(t− s)[g(s, znn(s))− g(s, xnn(s))] ds+
n∑

j=1

t∫

0

ψ̂n−j+1(t− s)hj(s) ds,

(13)
ãäå

ψ̂1(t) = e−θt,

ψ̂k(t) =
e−θt

(
1− θτ

n−1

)k−1

(
1− e−ωt

k−2∑

j=0

(ωt)j

j!

)
, ω =

n− 1

τ
− θ > 0,

hj(t) � j-ÿ êîìïîíåíòà âåêòîð-�óíêöèè Cnz
n(t).

Äîêàçàòåëüñòâî. Ïóñòü unn(t) � ïîñëåäíÿÿ êîìïîíåíòà ðåøåíèÿ un(t)
çàäà÷è Êîøè (11). Ñëåäîâàòåëüíî, â ñèëó ñèñòåìû âûïîëíåíî òîæäåñòâî

dunn(t)

dt
≡ −θunn(t) +

n− 1

τ
unn−1(t) + hn(t).

Ó÷èòûâàÿ íóëåâûå íà÷àëüíûå äàííûå, ïîëó÷àåì

unn(t) ≡
t∫

0

e−θ(t−s)

(
n− 1

τ
unn−1(s) + hn(s)

)
ds.
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Ïðèìåíÿÿ äëÿ unn−1(t) ëåììó 1, èìååì

unn(t) ≡
t∫

0

e−θ(t−s)hn(s) ds+

t∫

0

e−θ(t−s)

(
n− 1

τ

)

×




s∫

0

(s− ξ)n−2

(n− 2)!

(
n− 1

τ

)n−2

e−
n−1

τ
(s−ξ) [g(ξ, znn(ξ))− g(ξ, xnn(ξ))] dξ

+
n−1∑

j=1

s∫

0

(s− ξ)n−j−1

(n− j − 1)!

(
n− 1

τ

)n−j−1

e−
n−1

τ
(s−ξ)hj(ξ) dξ


 ds.

Ïðèâîäÿ ïîäîáíûå è ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ, ïîëó÷àåì

unn(t) ≡
t∫

0

e−θ(t−s)hn(s) ds+

t∫

0

e−θt+n−1

τ
ξ

×




t∫

ξ

(s− ξ)n−2

(n− 2)!

(
n− 1

τ

)n−1

e(θ−
n−1

τ )s ds


 [g(ξ, znn(ξ))− g(ξ, xnn(ξ))] dξ

+
n−1∑

j=1

t∫

0

e−θt+n−1

τ
ξ




t∫

ξ

(s− ξ)n−j−1

(n− j − 1)!

(
n− 1

τ

)n−j

e(θ−
n−1

τ )s ds


 hj(ξ) dξ.

(14)
Âû÷èñëèì

vl(t, ξ) =

t∫

ξ

(s− ξ)l

l!
e−ωs ds, l = 0, 1, . . . , n,

ãäå ω = n−1
τ

− θ.

�àññìîòðèì äâà ñëó÷àÿ: l > 0 è l = 0. Åñëè l = 0, òîãäà

v0(t, ξ) =

t∫

ξ

e−ωs ds =
e−ωξ

ω

(
1− e−ω(t−ξ)

)
.

Ïóñòü l > 0. Ïðèìåíÿÿ �îðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì, èìååì

vl(t, ξ) =

t∫

ξ

(s− ξ)l

l!
e−ωs ds = −(t− ξ)l

l!ω
e−ωt +

t∫

ξ

(s− ξ)l−1

(l − 1)!ω
e−ωs ds
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Äåíèñþê Â.À. 57

= −e−ωξ (ω(t− ξ))l

l!ωl+1
e−ω(t−ξ) +

vl−1(t, ξ)

ω
.

Ïîâòîðÿÿ èíòåãðèðîâàíèå ïî ÷àñòÿì, ïîëó÷àåì

vl(t, ξ) =
e−ωξ

ωl+1

(
1− e−ω(t−ξ)

l∑

j=0

(ω(t− ξ))j

j!

)
.

Ïîñêîëüêó â ñèëó îáîçíà÷åíèé

e−θt+n−1

τ
ξe−ωξ = e−θ(t−ξ),

(
n−1
τ

)l+1

ωl+1
=

1
(
1− θτ

n−1

)l+1
,

òî, ïîäñòàâëÿÿ ïîëó÷åííûå äëÿ vl(t, ξ) �îðìóëû â (16), ïîëó÷àåì

unn(t) ≡
t∫

0

e−θ(t−s)hn(s) ds

+

t∫

0

e−θ(t−ξ)

(
1− θτ

n−1

)n−1

(
1− e−ω(t−ξ)

n−2∑

j=0

(ω(t− ξ))j

j!

)
[g(ξ, znn(ξ))− g(ξ, xnn(ξ))] dξ

+
n−1∑

j=1

t∫

0

e−θ(t−ξ)

(
1− θτ

n−1

)n−j

(
1− e−ω(t−ξ)

n−j−1∑

k=0

(ω(t− ξ))k

k!

)
hj(ξ) dξ.

Â ñèëó îïðåäåëåíèÿ �óíêöèé ψ̂j(t) äëÿ u
n
n(t) âûïîëíåíî ñîîòíîøåíèå (13).

Òàêèì îáðàçîì, ëåììà 2 äîêàçàíà.

Çàìåòèì, ÷òî ñóììó â (13) ìîæíî ïðåîáðàçîâàòü ñëåäóþùèì îáðàçîì:

n∑

j=1

t∫

0

ψ̂n−j+1(t−s)hj(s) ds =
t∫

0

〈Ψ (t−s), Cnz
n(s)〉 ds =

t∫

0

〈C∗

nΨ (t−s), zn(s)〉 ds,

ãäå

Ψ (t) = (ψ̂n(t), . . . , ψ̂1(t))
T ,
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〈v1, v2〉 îáîçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå â R
n
,

C∗

n =




−n−1
τ2

n−1
τ2

0 0 0 . . . 0

n−1
τ2

−2n−1
τ2

n−1
τ2

0 0 . . . 0

0
.

.

.

.

.

.

.

.

.

.

.

.

.

.

. 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 . . . 0 n−1
τ2

−2n−1
τ2

n−1
τ2

0

0 . . . 0 0 n−1
τ2

−2n−1
τ2

n−1
τ2

0 · · · 0 0 0 0 0




,

Ñëåäîâàòåëüíî,

unn(t) =

t∫

0

ψ̂n(t− s)[g(s, znn(s))− g(s, xnn(s))] ds

+
n− 1

τ2

t∫

0

(
ψ̂n−1(t− s)− ψ̂n(t− s)

)
zn1 (s) ds

+
n−2∑

j=1

n− 1

τ2

t∫

0

[
ψ̂j(t− s)− 2ψ̂j+1(t− s) + ψ̂j+2(t− s)

]
znn−j(s) ds

= I1(t) + I2(t) + I3(t). (15)

Íèæå ìû ïîëó÷èì îöåíêó äëÿ unn(t) ïðè n ≫ 1, îöåíèâàÿ êàæäîå èç

ñëàãàåìûõ Ik(t), k = 1, 2, 3. Äëÿ ýòîãî ìû áóäåì èñïîëüçîâàòü ñëåäóþùåå

óòâåðæäåíèå èç [11℄.

Ëåììà 3 [11℄. Ñïðàâåäëèâû ñëåäóþùèå îöåíêè

|znj (t)| ≤
Gτ

n− 1
, t > 0, j = 1, . . . , n− 1.

Îöåíèì ïåðâûå äâà ñëàãàåìûõ â ïðåäñòàâëåíèè (15).

Ëåììà 4. Ñóùåñòâóåò n∗ > 0 òàêîå, ÷òî ïðè n > n∗ ñïðàâåäëèâû

îöåíêè

|I1(t)| ≤ 2eθτL

t∫

0

|unn(s)| ds, (16)
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|I2(t)| ≤
4Gτ 2

τ2(n− 1)
. (17)

Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ �óíêöèè ψ̂n(t) íåòðóäíî ïîëó÷èòü

îöåíêó ∣∣∣ψ̂n(t)
∣∣∣ ≤ 1

(
1− θτ

n−1

)n−1 .

Ñëåäîâàòåëüíî, ñóùåñòâóåò n∗∗ > 0, òàêîå, ÷òî

∣∣∣ψ̂n(t)
∣∣∣ ≤ 2eθτ , n > n∗∗.

Ó÷èòûâàÿ óñëîâèÿ íà �óíêöèþ g(t, z), ïîëó÷àåì

|I1(t)| ≤ 2eθτ
t∫

0

|g(s, znn(s))− g(s, xnn(s))| ds ≤ 2eθτL

t∫

0

|znn(s)− xnn(s)| ds.

Îòñþäà èìååì óêàçàííóþ îöåíêó (16).

Îòìåòèì, ÷òî äëÿ �óíêöèé ψ̂k(t) âûïîëíåíû ðåêóððåíòíûå îòíîøåíèÿ

ψ̂1(t) = e−θt,

ψ̂k(t) =
n− 1

τ

t∫

0

e−
n−1

τ
(t−s)ψ̂k−1(s) ds, k = 2, . . . , n. (18)

Ïî îïðåäåëåíèþ

t∫

0

∣∣∣ψ̂2(s)− ψ̂1(s)
∣∣∣ ds =

t∫

0

∣∣∣∣∣
e−θs

(
1− θτ

n−1

)(1− e(−
n−1

τ
+θ)s)− e−θs

∣∣∣∣∣ ds.

Ñ ó÷åòîì ñâîéñòâ èíòåãðàëà, ïîëó÷àåì

t∫

0

∣∣∣ψ̂2(s)− ψ̂1(s)
∣∣∣ ds ≤

t∫

0

∣∣∣∣∣
θτ

n− 1

e−θs

(
1− θτ

n−1

)
∣∣∣∣∣ ds+

t∫

0

∣∣∣∣∣
e−

n−1

τ
s

(
1− θτ

n−1

)
∣∣∣∣∣ ds.

Åñëè n > 2θτ + 1, òîãäà

t∫

0

∣∣∣ψ̂2(s)− ψ̂1(s)
∣∣∣ ds ≤ 2τ

n− 1

(
(1− e−θt) + (1− e−

n−1

τ
t)
)
≤ 4τ

n− 1
.
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Òåïåðü ðàññìîòðèì ðàçíîñòü

t∫

0

∣∣∣ψ̂3(s)− ψ̂2(s)
∣∣∣ ds =

t∫

0

n− 1

τ

∣∣∣∣∣∣

s∫

0

e−
n−1

τ
(s−ξ)

(
ψ̂2(ξ)− ψ̂1(ξ)

)
dξ

∣∣∣∣∣∣
ds.

Èñïîëüçóÿ ñâîéñòâà èíòåãðàëà è ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ, èìååì

t∫

0

∣∣∣ψ̂3(s)− ψ̂2(s)
∣∣∣ ds ≤

t∫

0

∣∣∣ψ̂2(ξ)− ψ̂1(ξ)
∣∣∣




t∫

ξ

n− 1

τ
e−

n−1

τ
(s−ξ) ds


 dξ

≤
t∫

0

∣∣∣ψ̂2(ξ)− ψ̂1(ξ)
∣∣∣ dξ.

Â ñèëó ïîëó÷åííîé âûøå îöåíêè ïîëó÷àåì

t∫

0

∣∣∣ψ̂3(s)− ψ̂2(s)
∣∣∣ ds ≤ 4τ

n− 1
.

Ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ, çàêëþ÷àåì

t∫

0

∣∣∣ψ̂n(s)− ψ̂n−1(s)
∣∣∣ ds ≤ 4τ

n− 1
.

Ó÷èòûâàÿ ëåììó 3, ïîëó÷àåì îöåíêó

|I2(t)| ≤
n− 1

τ2

t∫

0

∣∣∣ψ̂n−1(t− s)− ψ̂n(t− s)
∣∣∣ |zn1 (s)| ds

≤ Gτ

τ2

t∫

0

∣∣∣ψ̂n−1(t− s)− ψ̂n(t− s)
∣∣∣ ds ≤ 4Gτ 2

τ2(n− 1)
.

Ñëåäîâàòåëüíî, ïðè n > n∗ = max{2θτ + 1, n∗∗} âûïîëíåíû îöåíêè (16) è

(17). Ëåììà äîêàçàíà.

Íàì îñòàåòñÿ ïîëó÷èòü îöåíêó äëÿ I3(t).

Ëåììà 5. Ñóùåñòâóåò n0 > 0 òàêîå, ÷òî ïðè n > n0 âûïîëíåíà îöåíêà

|I3(t)| ≤
8Gτ 2

τ2

(
θτ

n− 1
+

1√
n− 1

)
.
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Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ I3(t) èìååì

I3(t) =
n− 1

τ2

n−2∑

j=1

t∫

0

[
ψ̂j(t− s)− 2ψ̂j+1(t− s) + ψ̂j+2(t− s)

]
znn−j(s) ds.

�àññìîòðèì ïåðâîå ñëàãàåìîå

n− 1

τ2

t∫

0

[
ψ̂1(t− s)− 2ψ̂2(t− s) + ψ̂3(t− s)

]
znn−1(s) ds.

Â ñèëó ïðåäñòàâëåíèÿ äëÿ ψ̂k(t), óêàçàííîãî â ëåììå 2, ïîëó÷àåì

ψ̂1(t)−2ψ̂2(t)+ ψ̂3(t) = e−θt−2
e−θt − e−

n−1

τ
t

(
1− θτ

n−1

) +
e−θt − e−

n−1

τ
t(1 +

(
n−1
τ

− θ
)
t)

(
1− θτ

n−1

)2 .

Òîãäà

ψ̂1(t)− 2ψ̂2(t) + ψ̂3(t) = e−θt

(
1 +

1
(
1− θτ

n−1

)2 − 2(
1− θτ

n−1

)
)

− e−
n−1

τ
t

(
1− θτ

n−1

)2
(
1 +

(
n− 1

τ
− θ

)
t− 2

(
1− θτ

n− 1

))

=

(
θτ

n− 1

)2
e−θt

(
1− θτ

n−1

)2 +
e−

n−1

τ
t

(
1− θτ

n−1

)2
(
1− 2θτ

n− 1

)
− (n− 1)te−

n−1

τ
t

τ
(
1− θτ

n−1

) .

Îáîçíà÷èì ϕj(λ, t) =
n− 1

τ2

t∫

0

e(t−s)λznn−j(s) ds. Òîãäà

n− 1

τ2

t∫

0

[
ψ̂1(t− s)− 2ψ̂2(t− s) + ψ̂3(t− s)

]
znn−1(s) ds =

(
θτ

n− 1

)2
ϕ1(−θ, t)
(1− θτ

n−1
)2

+
ϕ1(−n−1

τ
, t)

(1− θτ
n−1

)2

(
1− 2θτ

n− 1

)
− (n− 1)2

(1− θτ
n−1

)ττ2

t∫

0

e−
n−1

τ
(t−s)(t−s)znn−1(s) ds. (19)

Èñïîëüçóÿ �îðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ïîëó÷àåì

n− 1

τ2

t∫

0

[
ψ̂1(t− s)− 2ψ̂2(t− s) + ψ̂3(t− s)

]
znn−1(s) ds =

(θτ)2ϕ1(−θ, t)
(n− 1)2(1− θτ

n−1
)2
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− θτϕ1(−n−1
τ
, t)

(1− θτ
n−1

)2(n− 1)
+

n− 1

(1− θτ
n−1

)τ2

t∫

0

e−
n−1

τ
(t−s)(t− s)

dznn−1(s)

ds
ds. (20)

Îòìåòèì, ÷òî ðàâåíñòâà òèïà (20) îñòàþòñÿ âåðíûìè, åñëè âìåñòî znn−1(t)
â èñõîäíûé èíòåãðàë ïîäñòàâëÿòü znj (t), j = 2, . . . , n− 2.

�àññìîòðèì òåïåðü âòîðîå ñëàãàåìîå â ïðåäñòàâëåíèè I3(t)

n− 1

τ2

t∫

0

(
ψ̂2(t− s)− 2ψ̂3(t− s) + ψ̂4(t− s)

)
znn−2(s) ds =

n− 1

τ2

t∫

0

n− 1

τ

×
t−s∫

0

e−
n−1

τ
ξ
(
ψ̂1(t− s− ξ)− 2ψ̂2(t− s− ξ) + ψ̂3(t− s− ξ)

)
dξznn−2(s) ds.

Ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ è äåëàÿ ñîîòâåòñòâóþùóþ çàìåíó, ïîëó-

÷àåì

n− 1

τ2

t∫

0

(
ψ̂2(t− s)− 2ψ̂3(t− s) + ψ̂4(t− s)

)
znn−2(s) ds =

n− 1

τ2

×
t∫

0

e−
n−1

τ
(t−ξ)n− 1

τ

ξ∫

0

(
ψ̂1(ξ − s)− 2ψ̂2(ξ − s) + ψ̂3(ξ − s)

)
znn−2(s) ds dξ.

Ïðèìåíÿÿ ðàâåíñòâî òèïà (20), ïðèõîäèì ê ñîîòíîøåíèÿì

n− 1

τ2

t∫

0

(
ψ̂2(t− s)− 2ψ̂3(t− s) + ψ̂4(t− s)

)
znn−2(s) ds

=
n− 1

τ

t∫

0

e−
n−1

τ
(t−ξ)

[(
θτ
n−1

)2
ϕ2(−θ, ξ)− θτ

n−1
ϕ2(−n−1

τ
, ξ)

(1− θτ
n−1

)2

+
n−1
τ2

(1− θτ
n−1

)

ξ∫

0

e−
n−1

τ
(ξ−s)(ξ − s)

dznn−2(s)

ds
ds


 dξ

=
n− 1

τ

t∫

0

e−
n−1

τ
(t−ξ)

(
θτ
n−1

)2
ϕ2(−θ, ξ)− θτ

n−1
ϕ2(−n−1

τ
, ξ)

(1− θτ
n−1

)2

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 3, C. 47-70

Mat. Trudy, 2026, V. 29, N. 3, P. 47-70



Äåíèñþê Â.À. 63

+
(n− 1)2

ττ2

t∫

0

e−
n−1

τ
(t−s) (t− s)2

2

dznn−2(s)

ds
ds.

Ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ äëÿ âñåõ ñëàãàåìûõ ñ ó÷åòîì (18),

ìîæíî ïîëó÷èòü

n− 1

τ2

t∫

0

(
ψ̂j(t− s)− 2ψ̂j+1(t− s) + ψ̂j+2(t− s)

)
znn−j(s) ds

= Φj
j(t) +

n−1
τ2

(
n−1
τ

)j−1

(1− θτ
n−1

)

t∫

0

e−
n−1

τ
(t−s) (t− s)j

j!

dznn−j(s)

ds
ds, j = 1, . . . , n− 2,

(21)
ãäå

Φk
1(t) =

(
θτ
n−1

)2
ϕk(−θ, t)− θτ

n−1
ϕk(−n−1

τ
, t)

(1− θτ
n−1

)2
,

Φk
j (t) =

(
n− 1

τ

) t∫

0

e−
n−1

τ
(t−s)Φk

j−1(s) ds. (22)

Ñëåäîâàòåëüíî,

I3(t) =

n−2∑

j=1

Φj
j(t) +

1

(1− θτ
n−1

)

n−2∑

j=1

n− 1

τ2

(
n− 1

τ

)j−1

×
t∫

0

e−
n−1

τ
(t−s) (t− s)j

j!

dznn−j(s)

ds
ds. (23)

Äëÿ äàëüíåéøèõ ðàññóæäåíèé âîñïîëüçóåìñÿ òåîðåìîé î ñðåäíåì.

Òåîðåìà (î ñðåäíåì) [16℄. Ïóñòü g(s) íåïðåðûâíà è îãðàíè÷åíà, à

f(s) íå ìåíÿåò çíàê íà îòðåçêå [a, b], òîãäà ñóùåñòâóåò µ ∈ [a, b], òàêîå ÷òî

b∫

a

f(s)g(s) ds = g(µ)

b∫

a

f(s) ds.
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Èñïîëüçóÿ ýòó òåîðåìó è ëåììó 3, îöåíèì ïåðâóþ ãðóïïó ñëàãàåìûõ â

(23). Ïî îïðåäåëåíèþ Φj
1(t) ïîëó÷àåì

|Φj
1(t)| =

∣∣∣∣∣∣
θ2τ 2

(n− 1)2
n− 1

τ2
znn−j(η)

t∫

0

e−θs ds− θτ

n− 1

n− 1

τ2
znn−j(ζ)

t∫

0

e−
n−1

τ
s ds

∣∣∣∣∣∣
(
1− θτ

n− 1

)2 .

Òîãäà ïðè n > 2θτ + 1 èìååì

|Φj
1(t)| ≤

θτ 2

(n− 1)2
Gτ

τ2
+

θτ 2

(n− 1)2
Gτ

τ2(
1− θτ

n− 1

)2 ≤ 8Gτ

τ2

θτ 2

(n− 1)2
.

Ñëåäîâàòåëüíî,

|Φk
2(t)| ≤

n− 1

τ

t∫

0

e−
n−1

τ
(t−s)|Φk

1(s)| ds

≤ 8Gτ

τ2

θτ

n− 1

t∫

0

e−
n−1

τ
s ds ≤ 8Gτ

τ2

θτ 2

(n− 1)2
.

�àññóæäàÿ àíàëîãè÷íûì îáðàçîì, ïîëó÷àåì, ÷òî äëÿ ëþáîãî j ñïðàâåäëè-

âû íåðàâåíñòâà

|Φk
j (t)| ≤

n− 1

τ

t∫

0

e−
n−1

τ
(t−s)|Φk

j−1(s)| ds ≤
8Gτ

τ2

θτ 2

(n− 1)2
.

�àññìîòðèì

Jj(t) =

t∫

0

e−
n−1

τ
(t−s)

(
n− 1

τ

)j−1
(t− s)j

j!

dznn−j(s)

ds
ds, j = 1, . . . , n− 2.

Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì

Jj(t) =

t∫

0

e−
n−1

τ
(t−s)znn−j(s)

[(
n− 1

τ

)j−1
(t− s)j−1

(j − 1)!
−
(
n− 1

τ

)j
(t− s)j

j!

]
ds.

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 3, C. 47-70

Mat. Trudy, 2026, V. 29, N. 3, P. 47-70



Äåíèñþê Â.À. 65

Èñïîëüçóÿ ëåììó 3, èìååì

|Jj(t)| ≤
t∫

0

e−
n−1

τ
s Gτ

n− 1

∣∣∣∣∣

(
n−1
τ
s
)j−1

(j − 1)!
−
(
n−1
τ
s
)j

j!

∣∣∣∣∣ ds.

Òîãäà èç (23) ñëåäóåò

|I3(t)| ≤
8Gτ

τ2

θτ 2(n− 2)

(n− 1)2
+

1

(1− θτ
n−1

)

Gτ

τ2

n−2∑

j=1

t∫

0

e−
n−1

τ
s

×
∣∣∣∣∣

(
n−1
τ
s
)j−1

(j − 1)!
−
(
n−1
τ
s
)j

j!

∣∣∣∣∣ ds =
Gτ

τ2

(
8θτ 2(n− 2)

(n− 1)2
+

1

(1− θτ
n−1

)
Sn(t)

)
,

ãäå

Sn(t) =

n−2∑

j=1

t∫

0

e−
n−1

τ
s

(
n−1
τ
s
)j−1

(j − 1)!

∣∣∣∣1−
n− 1

jτ
s

∣∣∣∣ ds.

�àñêðûâàÿ ìîäóëü, ïîëó÷àåì

Sn(t) =
n−2∑

j=1




jτ

n−1∫

0

e−
n−1

τ
s

((
n−1
τ
s
)j−1

(j − 1)!
−
(
n−1
τ
s
)j

j!

)
ds

+

t∫

jτ

n−1

e−
n−1

τ
s

((
n−1
τ
s
)j

j!
−
(
n−1
τ
s
)j−1

(j − 1)!

)
ds


 .

Ïîñëå çàìåíû ïåðåìåííîé ìîæíî ïåðåïèñàòü Sn(t) ñëåäóþùèì îáðàçîì

Sn(t) =
τ

(n− 1)

n−2∑

j=1




j∫

0

e−η

(
ηj−1

(j − 1)!
− ηj

j!

)
dη +

n−1

τ
t∫

j

e−η

(
ηj

j!
− ηj−1

(j − 1)!

)
dη


 .

(24)
Â ñèëó ìîíîòîííîñòè

Sn(t) ≤
τ

(n− 1)

n−2∑

j=1




j∫

0

e−η

(
ηj−1

(j − 1)!
− ηj

j!

)
dη +

∞∫

j

e−η

(
ηj

j!
− ηj−1

(j − 1)!

)
dη



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=
2τ

(n− 1)

n−2∑

j=1

e−jjj

j!
.

Èñïîëüçóÿ íåðàâåíñòâî Ñòèðëèíãà, èìååì

Sn(t) ≤
2τ

(n− 1)

n−2∑

j=1

e−jjjej

jj
√
2πj

=
2τ

(n− 1)
√
2π

n−2∑

j=1

1√
j
.

Ïîñêîëüêó �óíêöèÿ f(x) =
1√
x
ÿâëÿåòñÿ ìîíîòîííî óáûâàþùåé è íåîò-

ðèöàòåëüíîé ïðè x ≥ 1, òî ñïðàâåäëèâî íåðàâåíñòâî

1√
j
≤

j∫

j−1

1√
s
ds.

Ñëåäîâàòåëüíî,

n−2∑

j=1

1√
j
≤

n−2∑

j=1

j∫

j−1

1√
s
ds =

n−2∫

0

1√
s
ds ≤

n−1∫

0

1√
s
ds = 2

√
n− 1.

Òîãäà

Sn(t) ≤
2τ√
n− 1

.

Ñëåäîâàòåëüíî, ïðèõîäèì ê îöåíêå

|I3(t)| ≤
Gτ

τ2

(
8θτ 2(n− 2)

(n− 1)2
+

1

(1− θτ
n−1

)

2τ√
n− 1

)

≤ 8Gτ 2

τ2

(
θτ

n− 1
+

1√
n− 1

)
.

Ëåììà 5 äîêàçàíà.

Èñïîëüçóÿ ëåììû 4 è 5, äëÿ |unn(t)| âûïîëíåíà îöåíêà

|unn(t)| ≤
8Gτ 2

τ2

(
θτ

n− 1
+

1√
n− 1

)
+

4τ

n− 1

Gτ

τ2
+ 2eθτL

t∫

0

|unn(s)| ds.

Â ñèëó íåðàâåíñòâà �ðîíóîëëà ïîëó÷àåì

|unn(t)| ≤
8Gτ 2

τ2

(
θτ

n− 1
+

1√
n− 1

+
1

2(n− 1)

)
exp

(
2eθτLT

)
≤ d√

n
.
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Îòñþäà èìååì òðåáóåìîå íåðàâåíñòâî (10).

Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (4). Î÷åâèäíî, èìååì

max
t∈[0,T ]

|znn(t)− y(t)| ≤ max
t∈[0,T ]

|xnn(t)− y(t)|+ max
t∈[0,T ]

|znn(t)− xnn(t)|.

Ó÷èòûâàÿ îöåíêè (5) è (12) ïðèõîäèì ê íåðàâåíñòâó

max
t∈[0,T ]

|znn(t)− y(t)| ≤ Dn−
1

2 , n≫ 1.

Òåîðåìà 2 äîêàçàíà.
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